© Real roots stability possibilities

© Richardson's arms race model
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Both eigenvalues positive: unstable source

The system

dx 10 . N ; ) 262\ Z T 7
SRR

PN by N ! / s S A

has solution _ A

1 0 BT NN

x(t):c1<0>et+c2<1>e3t. VAR RSN
EEERRREER

Ce - . | \ \ \

The origin is a source and the T

y-direction ((1]) dominates.
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Both eigenvalues negative: stable sink

The system

|7t ° MNYVT T T T,

dat X . N\ Vo e Il

0 -3 NV Wl d o/

RN N ) [ A
has solution —_ SN
1 0 I RN

X(t)=61<0>e‘t+C2<1>e‘3t- A
N
The origin is a sink and the T 4 2 2 4 o0 1 2z 3 4 b

x-direction (é) dominates.
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Opposite signs eigenvalues: unstable saddle point

The system
_1 0 6 T T Ll Ly LY
dx ) /I 7' )Ez | R U
T X N L T W
0 3 PN (L T AN
N A I N
has solution b R
1\ 0\ , N A
x(t):c1<0>e t+C2<1>e " N Loy
1 EREEEREER
NN u ;
The origin is a saddle point and the fs s 5 2 4 0 1 2 s i s

y-direction ((1]) dominates.
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Opposite signs eigenvalues: unstable saddle point

The system
1 0 5 ‘ —
dj_ X 4 ¥/ / j 4‘{ \ ):U S‘I Q\d N
dt s Lo IR BTN \
0 -3 o LR T
B VA A Vv NN
has solution N SR
1 0\ 5 3 NN B
X(t):C1<O>et—|—C2<l>e £, N ;\ ;\ : 1 rr oy
LSRR EEED.
The origin is a saddle point and the T

x-direction (é) dominates.
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One zero eigenvalue and one negative: stable sink line

The system
ERREEREEY
i x .
¢ g 3 AR AR AN A 0 B R
L I R I 15
has solution ) - -
1 0\ _ ST I
oaeel HE
The x-axis is a sink line and the S5 4 4 2 4 0o 1 2 3 4 s

x-direction (é) dominates.
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In class example

Consider the system

dx 11 N
S PR
Find general solution and sketch the phase portrait:
@ Which term dominates?
@ If x(0) = (,) what is the limit of the solution?
a b
For matrix here are the general formulas for its eigenvalues and
c d
eigenvectors:

Tr(A)
2
and if ¢ # 0 (cf. other cases see notes) then

6 <)\1C—d> and & — <A2C—d>.
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A\ =

+ %\/ Tr(A)2 — 4det(A)



Richardson’s arms race model

Consider countries A, B with x(t), y(t) amount of weaponry respectively.
The model for the rate of change of weaponry is:

dx _ a-x+b-y+e
dt X yr—eéa
d

d—{:c-x—d-y—i—ez.
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@ The constants b, ¢ represent the fear magnitude eg. when y(t) goes

up then country A will increase its rate of weapon production by
b-y(t).
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@ The constants b, ¢ represent the fear magnitude eg. when y(t) goes
up then country A will increase its rate of weapon production by
b-y(t).

© The constants a, d represent the fatigue factor because some
countries decide on a lower rate of production given the amount of
weapons they currently possess.
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The model for the rate of change of weaponry is:

dx _ a-x+b-y+e
dt X yr—eéa
d

d—{:c-x—d-y—l—ez.

@ The constants b, ¢ represent the fear magnitude eg. when y(t) goes
up then country A will increase its rate of weapon production by
b-y(t).

© The constants a, d represent the fatigue factor because some
countries decide on a lower rate of production given the amount of
weapons they currently possess.

© The constant e; represents the distrust country A has for country B
and the reverse for e,.

MAT?244 Ordinary Differential Equations 9 /16



Richardson’s arms race model

For concreteness consider the system:
-1 2

s [1 0
T A -1
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© A constant solution for this nonhomogeneous problem is v(t) = (})
which we obtained by setting ‘é—’t‘ = (8) and solving for x. Therefore,

as explained above the general solution will be:

1
X = clfle)‘lt + c2£2e)‘2t + <1>

@ The eigenvalues for this matrix are the solutions to

0=\ — Tr(A)A + det(A) = A\> + 4\ — 5
= A =1, A = -b.

© The corresponding eigenvectors are §; = (i) and §, = (El) So the
general solution is

x(t) = G) e+ o <_21> e >t + <i>
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@ Therefore, (1) becomes a saddle point. That is, if a solution starts
from (}) in a direction parallel to (;1) (i.e. choose c; = 0), then the
solution will converge to the constant (i) at an exponential rate (like
e~ °t). For example, this happens if x(0) = (é) However for ¢; # 0
the solution will diverge to infinity like e’ in the direction (}) away
from the starting point G)

L S T B I Y

Figure: The (3) is a saddle point
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@ This is reasonable because if the amount of distrust is negative
e1 = —1,ep = —1 < 0 (i.e. positive trust), then for appropriate initial
conditions the solutions will converge to peaceful coexistence

(x(t), ¥(t)) = (1,1).
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The End
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