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1 Systems of ODEs

Consider system of equations:
i =pu(t)rr + ...+ pazn + g1(t)

= pu(t)x1 + ..+ PanTn + gn(t)

where p;;(t), g;(t) are continuous functions. The continuity ensures that we have
existence and uniqueness of solutions. Equivalently we can rewrite this system as

X' (t) = P(t)x(t) + g(t).

where P(f) denote the matrix where the entry in the 5™ position is p;;(t) and g(t) is the
n-vector with entries gx(t) for 1 < k < n. For the homogeneous problem (i.e. g =0) we can
see by linearity that if x;, x5 are both solutions to that system, then any linear combination
y = €1X1 + X5 is also a solution. In fact, as with second order ODEs, we will show that any
solution to the system is of that form if {xn;}, for 1 <i < n are linearly independent solutions
to the system (that is, any solution can be expressed as a linear combination of the solutions
X1,...,&, when they are linearly independent). Analogously to second order, a collection of
solutions x4, ..., x,, is called linearly independent if there exists ¢, s.t.

xll(t*) le(t*) ot mln(t*)
det [X(¢)] :=det | o | #0,
Tp1(te) Tpo(te) < Tpn(ts)

b row = (215, ..y Tng).

General solution

Consider x4, . ..,X, linearly independent solutions of the system x'(t) = P(¢)x(¢) where
P(t) is an n x n matrix and v(¢) is any solution for the nonhomogeneous problem
x'(t) = P(t)x(t) + g(t). Then for any other solution y of the nonhomogeneous problem,
there exist unique constants {c;} s.t.

where x; = i

Yy =Xy + .+ enX, + v(1).

Proof. We will follow the same ideas as in the analogous second order result. We begin by
proving an auxiliary result about the homogeneous equation. Let ¢ be a solution for the above
homogeneous problem and K := ¢(t,). Consider the system of equations given by

211(te) w12(te) - wia(ty)
X(ti)c = : : : c=K
xn,l(t*) xn,Q(t*) Tt xn,n(t*)
for unknown vector c. Then, by linear independence of the solutions xi,...,X,, the matrix,

X(t,) is invertible and so we can solve for ¢ by inverting X(t,) and multiplying on the right
by K (i.e ¢ = X '(t,)c). Let ¢(t) := X(t)c where c is the vector obtained from the above
discussion. Then we have that {(t,) = K = ¢(t.). Therefore, by existence and uniqueness

¢(t) = p(t) for all ¢.

Next let y be a solution for the nonhomogeneous problem. Then y — v is a solution of



the homogeneous problem and thus, by the above discussion, da € R" s.t.

y=a-x-+v.



2 Homogeneous linear systems with constant coefficients

Consider the homogeneous system of n-ODEs
x'(t) = Ax(t),

where A is n X n matrix with constant real entries. As with second order we make the ansatz
x(t) = €eM where € is a fixed n-vector (to be chosen precisely later). Then, we observe that if
& is chosen so that A& = A€ (i.e £ is an eigenvector of A) we get

Ax(t) = AgeM = \geM = g%(e”) — i—’t‘(t).

Such &, \ are called A's eigenvector and eigenvalue respectively (as noted earlier). We will now
obtain the general solution. First we will assume that all eigenvalues {\;}?_; of A are real and
distinct from each other; in the other sections we study the other cases. Let {&;}7, be the

corresponding eigenvectors. Then the solutions {&;e*'} | are linearly independent:
LMt - gent i o &
det : : =Wt FAldet | 0 oL | £0
gnle)\lt L. gnne)\nt §n1 R gnn

where the last step follows because when all the eigenvalues of a matrix are distinct, then its
eigenvectors will be linearly independent. Thus, from the above result we obtained the general
solution.

Example —presenting the method

Consider two connected tanks A and B containing 1000L of well-mixed salt-water with z(t), y(¢)
kilogram amounts of salt respectively. Let IP,OP denote the L/min-rate of salt-free water
entering and exiting the two tanks and P1, P2 the L/min-rate of saltwater getting exchanged
between the two tanks.

IP

P1

P2

Tank A Tank B OP
x(t) y(t)

Figure 2.1: Tanks A and B containing salt

To keep the volume of water constant in the two tanks we set IP = OP = 1(L/min).
Let the rates P1 = 1(L/min) and P2 = 2(L/min) be constant in time. The concentration of

salt in each tank is %kg / L,%kg /L respectively. Therefore, for tank A the rate of change of



the amount of salt:

d ) !
d_f = Input rate — Output rate = 2 - féoz) - f()(oz)

and for tank B we must also subtract the draining of salt from pipe OP

o) ) )

1000~ 1000 1000

@) N ﬁ {_11 —23} @

1. First we compute the eigenvalues

d
d_?tJ = Input rate — Output rate =1 -

In matrix form our system is

—1-A 2

det
L

}:0 S (c1-A)(=3-))—2-1=0
:>)\1:—2+\/§,)\2:—2—\/§.

2. Second we find the corresponding eigenvectors. To find &, := (g;

@) -6
1 —3—MJ\&1/) \0)

By solving the system directly we obtain the solution (up to multiples). For example, we
rewrite the above to get:

{(1 — V3)u + 260 =0 (& 1) (1 + \/§>
:> £ — ’ — )
&1+ (=1 =V3)&1 =0 §2.1 1

) we solve the system

(up to multiples):

Similarly to obtain &, we have to solve

[_1 _ (_12_ v 3 (—22 - ﬁ)] (Zi) - @

o-("7)

3. Therefore, by the discussion above the general solution will be

and we get

z(t) 1 it 1 Aot
1) = - — ¢4 1 . 2t _ o
x(t) (y(t)> 1000751 Tagop e = arl

4. Since 2 > /3, both the eigenvalues are negative and in turn the salt concentrations
x(t), y(t) will go to zero as t — +o00. This is reasonable because through pipe IP we are
injecting salt-free water that over time transports the tanks’ salt out through pipe OP.

1000 1

5. Next we study the stability. Since —2 4 v/3 > —2 — /3, we get e("2HV3) > ((-2-V3)t 4pq

1+V3

1 ) will dominate.

so as t — +oo the first eigenvector (

1+ \/§) e(—2+V3)t <1 — \/§) e(—2=V3)t
—+C2' _—



Figure 2.2: Solutions converge to line defined by vector & = (1+1\/§) and then to (0,0).

In other words, for large t we will have

2(t) ~ (14 V/3) - eV 5 1L o2V (),

This is reasonable because P2 > P1 and so as t — +oo the salt concentration x(t) in tank
A will be greater than that of tank B.

Method formal steps

a b
1. Starting with a matrix A we first compute its eigenvalues {\;} eg. for matrix A = { d]
c

we have two eigenvalues:

a— A b 5
det N =0=> XN —(a+d+ad—bc=0

c d—

(a+d)
2

o Tr(A)

+ %\/(aer)? — 4(ad — be) =

— 4det(A).

2. Second for each eigenvalue, we find the corresponding eigenvector. Continuing the example
from the previous step, we find the eigenvector &, := (51 1) by solving the system:

(1,—)\1 b 6171 B 0
CE)-6)

Here are the general formulas for eigenvectors for 2D systems:

e If ¢ # 0 then
El <)\1 — d) and 52 ()\2 — d) .
c c
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e If b+# 0 then

b b
& = (Al—a> and &, = ()\2_01)'
(e ()

3. Then the general solution will be of the form

o [f b=c =0 then

z(t) = & e + .+ e et

4. Finally we study the stability for 2D systems:

e If \; # A2 and both positive then (0,0) will be a nodal source and solutions will be
moving away from it (unstable).

e If \; # XAy and both negative then (0,0) will be a nodal sink and solutions will be
moving towards it (asymptotically stable).

e If \; # Ay and with opposite signs then (0,0) will be a saddle point and solutions
will be moving away from it along one eigenvector and towards it along the other
eigenvector (unstable).

e If one of the eigenvalues is zero eg. A\; = 0 and Ay < 0 then the line defined by &;
will be a nodal source (asymptotically stable).

e If one of the eigenvalues is zero eg. A\; = 0 and Ay > 0 then the line defined by &;
will be a nodal sink (asymptotically unstable).

Examples

e We will exhibit each of the above stability cases by studying the IVP problem
dx [a O
dat o o)”

with x(0) = (3).

2

1. First we find the eigenvalues. For diagonal matrices this is immediate: \; = a, Ay = b.

2. Next we find the corresponding eigenvectors:

a—X 0 §&1) (0O _
[ 0 b- Al] (5271) N (0) — G =0

therefore &, = (é) Similarly, we obtain &, = ((1))

3. Therefore, the general solution is

x(t) = ¢ ((1)) e™ + ¢y ((1)) el

4. Finally, using the initial condition we obtain

x(t) = 2 (3) e +2 (?) e,

5. Next we study the stability. The origin is a special point for dynamics because if

x(t,) = 0 then &(¢,) = A (8) = (8) and so it is a critical point.



(a) If @ # b and both positive we obtain that the solutions diverge to infinity

nyvverrrr7
% AN N A (Y N A ARV
NN b Y A AV A4
S NN A \ f / S A
- -~ - . \ ’ /51/ - -
0

2V s/ / / ! \ NN Y
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Figure 2.3: a=1,b=3

(b) If a # b and both negative we obtain that they both converge to the source (0,0)

RRERERERRE
a b Yy b '.II ‘i!i" i ".pl-f WV ! |
3_\ \ HM w \ ¢ Ji 'j / / L/
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;‘m - “ \ W ! g - ,fé.?,f
:23’ VAR A A | YN NN N
AR ER
ny . A Jh | l'. I:h _le . hy
D A A A A O O L W O

Figure 2.4: a = -1, b= -3
(c) If a # b with different signs we obtain that (0,0) is a saddle point: ifa = —1,b = 3

then the solutions converge to the origin if they start on the linear span of &
(x-axis) otherwise they diverge to infinity.
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(d) If a =0 and b < 0 then the linear span of ¢; (x-axis) will attract all the solutions:
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Figure 2.6: a =0, b

0 and b > 0 then the linear span of & (x-axis) will repel all the solutions:

(e) If a
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Figure 2.7: a =0, b =3

Applied examples

e Richardson Arms race model: Consider countries A, B with z(t),y(t) amount of
weaponry respectively. The model for the rate of change of weaponry is:

dr +boy+
— = —a - . e
dt Y 1
d
d—zé:c-x—d-y—l—eg

The constants a, b, ¢, d are nonnegative. The constants b, ¢ represent the fear magnitude eg.
when y(t) goes up then country A will increase its rate of weapon production by b - y(t).
The constants a, d represent the fatigue factor because some countries decide on a lower
rate of production given the amount of weapons they currently possess. For simplicity the
constant e; represents the distrust country A has for country B and the reverse for e,.
But they can represent other factors not accounted for such as revenge, degradation of
weapons, etc. So if we have no interaction i.e. a = b = 0 but positive amount of distrust
e1 > 0 then we still have a steady rate of weapon production z'(t) = e; > 0.

For simplicity e; = —1,e5 = —1 consider the following matrix system

dx -1 2 L 1
— = X .
dt 4 =3 -1
1. A constant solution for this nonhomogeneous problem is v(t) = (1), which we obtained

by setting ‘Cil—’t‘ = (0

0) and solving for x. Therefore, as explained above the general
solution will be:

1
x = c1&eM + 06,0 + (1)

10



2. The eigenvalues for this matrix are the solutions to

0=M—Tr(A)\+det(A) =\ +4\ -5
:>)\1:1, )\2:—5

1
1

x(t) = ¢ (D el + e (_21) e 5t 4 G)

4. Therefore, G) becomes a saddle point. That is, if a solution starts from G) in a

direction parallel to (_21) (i.e. choose ¢; = 0), then the solution will converge to

3. The corresponding eigenvectors are £, = ( ) and &, = (;1) So the general solution

1S

the constant (}) at an exponential rate (like e7*). For example, this happens if

x(0) = (%) However for ¢; # 0 the solution will diverge to infinity like €' in the

. . 1
direction (1

) away from the starting point G)

Figure 2.8: The G) is a saddle point

5. This is reasonable because if the amount of distrust is negative e; = —1,e5 = —1 < 0
(i.e. positive trust), then for appropriate initial conditions the solutions will converge
to peaceful coexistence (z(t),y(t)) — (1,1).

6. To make sense of the special role ¢; = 0 plays we have to study the critical level
sets. We have 2/(t) > 0 and ¢/(t) > 0 when —z +2y —1 >0and 4 —3y —1 >0
respectively; call these lines as L1, L. The first inequality happens when we are
above L, and the second when we are below L,. This is the region enclosed between
the lines on the right. So in the direction of £; both countries are increasing their
rate without stop . On the other hand, in the direction of &, which is above or below
both lines, the rates will have opposite signs (In this case, one country is increasing
their amount of weaponry while the other is decreasing it. The effect of one country
decreasing their stock of weaponry interferes with the other countries desire to have
more weapons. This is because the country that was originally increasing its stock of
weapons will see the other country deplete its stock and so will have less incentive to
create more.).

11



— ., 4
_J..fmr;f# ;

of stability and instability.

Figure 2.9: The lines L, Ly separate into regions

eference the general solution for

Asar

(2.1)

(2.2)

12



e Consider the parallel circuit displayed in Figure 2.10 capacitance C (eg. battery), resistance
R (eg. light bulb) and inductance L (eg. coil used for storing energy). Note that there is
no voltage source.

C
N
||

Vv

(%]

| v R

. (0)

S

—

1 V t L

1
V2 @) R,

Vs

Figure 2.10: Parallel LRC circuit.

Let V' be the voltage drop and I the current passing through the circuit. Here is a quick
summary of the laws governing such systems:

— Ohm’s law(OL): For the resistance we have V =R - I.

— For the capacitance we have I3 = C' - dd&t'.

— Faraday’s law and Lenz’s law(FLL): For the inductance we have V; = L - 9.
— Kirchhoff’s current law(KCL): —I3 = [ = I; — I, ; this is the conservation of
energy law for circuits.

— Kirchhoff’s Voltage law(KV L): The sum of voltages in a loop is zero. Thus, in
the upper loop V3 =V and in the lower loop V5 + V; 4+ V; = 0.

We can express all these relations in a system of odes that will describe the above circuit
system. We have

C‘/ll (KgL) C‘/g/ = ]3 (KgL) -1 = —Il + ]2 = —— + IQ



where we first applied Kirchhoff’s voltage law and then current law. We also have

Ly P v Y v v, D v - Ry,

Therefore, we have a system for I, V;:

C‘/ll - .[2 I
LI, = —RyI, — V4.

We rewrite this in matrix form:

Suppose, for example, R; = %, Ry =1,

()= 5 G)

1. First we find the eigenvalues. \; = —4, \y = —2.
2. Second we find the eigenvectors. By solving the system or using the formulas we

obtain 5 .
- (- ()

3. Therefore, the general solution is

V] 3 1
<121) = (1) e H + C9 (1> e 2,

4. Therefore the current and voltage will go to zero as t — 4o00. This is reasonable
because there is no voltage source and so eventually electricity will dissipate by
passing through the light bulbs.

2.1 Complex eigenvalues

Consider the system
x'(t) = Ax(t),

where now matrix A will have at least one pair of complex eigenvalues.

2.1.1 Example - Presenting the method

Consider the following parallel circuit with capacitance C' (eg. battery), resistance R (eg. light
bulb) and inductance L (eg. coil used for storing energy).

14
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4

Figure 2.11: Parallel LRC circuit.

Let V be the voltage drop and [ the current passing through the circuit. We also
define the counterclockwise orientation as the positive one. Here is a quick summary of the laws
governing such systems:

e Ohm’s law(OL): V=R I.

d
OC-d—‘t/:I.

Faraday’s law and Lenz’s law(FLL): L- % =V.

Kirchhoff’s current law(KCL): I = I, + I3 ; this is the conservation of energy law for
circuits.

Kirchhoff’s Voltage law(KV L): sum of voltages in a loop is zero. Thus, V; = V3 and
Vs+Vo+Vy=0.

We can express all these relations in a system of odes that will describe the circuit
system depicted in Figure 2.11. We have

1% 1%
v oVl = = L4 =24 =—L 41,
R Ry

15



where we first applied Kirchhoff’s voltage and current law and then Ohm’s law. Note that we
used C'(—V3) = I3 because Vj is in the clockwise direction. We also have LI} =V, = =V, -V =
—RyI5 — Vi. Therefore, we have a system for I, V;:

v
V' =1—-—
Ry

LI' = -V + Ryl.

We rewrite this in matrix form:

()= 2] (7)

Let R, :R2:4,L:8,C’:%then

(7)) =2 2 (0)

1. First we find the eigenvalues. \; = _2”, Ao = %

2. Second we find the eigenvectors. By solving the system or using the formulas we obtain

(e ()

3. Therefore, the general solution is

1 —4q 14 43 1
(v) _Cl( 1 >e<é*>t+02(1)e<é>t.

To obtain a real valued general solution it suffices to take real and imaginary parts of one
of the basis elements:

R PC SRy E
1 - eit/2

e (—4z'(cos(t/2) + isz’n(t/2)>)

(cos(t/2) + isin(t/2)

(i) + ot )
So we take

() -0

Indeed by computing their wronskian we get
e 4sin(t)2) —e " ?4cos(t/2)| _ , )2, 2 - )2
W(u,v) = [e‘t/Qcos(t/2) e2sin(t)2) | de™ "% (cos™(t/2) + sin*(t/2)) = 4e™ "= # 0.

4. Since there is no voltage source, as expected the solutions will converge to the origin.

16
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Figure 2.12: Phase portrait for (V).

5. To understand the periodicity we will describe the circuit’s analogy with a mass spring.
(a) When the spring is compressed we are storing energy in the form of atomic-bond
energy or potential energy (i.e. the spring tries to regain its original position).
(b) Then that energy is released into kinetic energy.
(c) When the spring mass returns, it compress the springs and so the cycle begins again.

In a circuit, a charged capacitor (battery) is analogous to a compressed spring and an
inductor is analogous to the inertia mass.

(a) The charged capacitor releases the electrical energy into the circuit which the inductor
converts into magnetic field energy (analogous to kinetic energy).

(b) When the capacitor is fully discharged, the magnetic field energy creates a counter
current (by Faraday’s law), which then charges the capacitor in the opposite direction.

(c) The oppositely charged capacitor starts releasing a current in the opposite direction
and so the cycle starts again.

Method formal steps

161

1. Let \y = a +1ib, A\ = a — ib be the complex eigenvalues and & = (:;;92),@ = (S;Z:) the
corresponding eigenvectors. Then the solution is

x = efat<01£16ibt + C2€2€7ibt).

2. To obtain a real-valued solution (not all) it suffices to pick one of the terms above, say
e~9¢ e®. Then its real and imaginary parts will also be solutions:

| i(01-b) 6, b n(0y + b
efatglezbt — e 7”16' o | = eat TICOS( 1+ ) + je— Tls?n( 1t ) — w4+ v,
Poei(02+0) r9c08(0y + b) rasin(fa + b)

17



3. Sometimes we can even obtain a general solution. By computing the wronskian we obtain:
Wlu,v] = e *riry(cos(y + b)sin(fy + b) — cos(0y + b)sin(6; + b)).

So as we see depending on the choice of 6,6, the solutions u,v might be linearly
independent or dependent.

at

4. Stability results. We note that the crucial role of stability is played by the factor e=.

e If a < 0, then the solutions will converge to the node sink (0,0) and the spiral will
be inward.

e If a > 0, then the solutions will diverge away from the node source (0,0) and the
spiral will be outward.

e If a = 0, then the solutions will be concentric circles centered at (0, 0).

2.2 Examples

e Consider the system
x' = [_al (1)] X.

1. We first compute its eigenvalues: A2 —a\+1=0 = )\ = v V2“2_4. So to explore the
complex case we assume that a? < 4.

2. Let &1, & be the corresponding eigenvectors: & = (ill),& = (iz’l)
— Assume o = —1 < 0, then A = # and so the general solution will be

/3 /3
X = 6_76(015162731t + CQEQG_ZTBt)~

T | I
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Figure 2.13: The solutions are converging towards the node sink (0,0).
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— Assume o« = 1 > 0, then the general solution will be

V3 V3
X = et(clﬁleZTSt + czfge_ZTSt).

R
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4‘W~\mw,"’lhk
_EM ’/'/

(=]
&
A
ra
=
P
I
o
oo

Figure 2.14: The solutions are spiraling outward from the node source (0, 0).

— Assume « = 0, then the general solution will be

i V3 VB
X=c e el

19
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Figure 2.15: The solutions are concentric circles centered at (0,0).

2.3 Repeated eigenvalues

Consider the system
x'(t) = Ax(t),

where now matrix A will have at least two duplicated eigenvalues.

Example-presenting the method

Consider the following LRC circuit.
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V3
Figure 2.16: Parallel LRC circuit.

We have OV} = —1 = —I} — I, = =% — I, and LI, = V3 = V, = V;. Therefore, the

R
matrix system is:
/ 1 1
()= v )6)
L

1. The eigenvalues are A = —52= £ 31/ (g5)? — 4z and so if (75)? —477; =0 L =4RC,
we get a repeated eigenvalue A\ = Ay = —ﬁ. So assume R = C' =1 and L = 4, then the

system is /
() =4 91(00)

2. Then the eigenvalue is A\ = %1 and the eigenvector is £ = (_12) So we obtain the first

term of the solution x; := &e*.

3. Similarly to second order odes with repeated roots, we make the ansatz
_ _ At At At
X = 1X1 + ¢oXg = c1€e™ + o (€e™ -t + me™),

where 1 is a yet undetermined vector.
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10.

. Plugging in x, := &e* - t + ne into our system x/(t) = Ax we obtain:

MMt + (& + In)eM = A(geMt + ne).

. Equating the coefficients of e*t and e* we get

A = A
£+ \np=An.

The first equation is always true by virtue of £ being an eigenvector. We will use the
second system to determine 7. In other words, we must solve the system

(A=A)n=¢

In our case we have

-1 -1, 1. (m —2 -1 —1](m —2
s — 2 —
[1/4 _0]+2 >(772) <1):>{1/4 51 \m 1
By solving the system we obtain

Therefore, for any 17, = k we obtain

1= (22g) = () ()

Returning above the ansatz solution will be:

o)l (D)) ()]
() eal (Do @)

where a; = ¢; — k/2.

Therefore, the (Voltage,Current) pair presents no periodicity and it simply goes to (0, 0).
However, for as t — 400 the term (712)6775/ 2. ¢t will dominate and so the solutions will
converge to the linear span of (712) and then along that line to the node sink (0, 0).
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Figure 2.17: The linear span of (_12) is a node and the origin will be the node sink.

Method formal steps
1. We first find the repeated eigenvalue A and its eigenvector £. So the first term of the
solution will be x; := &e.
2. For the second term we make the ansatz

Xy = &eM -t + e
3. Plugging this into our system x’(t) = Ax(¢) we obtain the stystem

(A —\)n =€
4. By determining m we obtain:

X = c1X1 + CoXy = c1€eM + cy(€eM - t + met).
Examples

e Consider system

1. We first find the eigenvalues:

A= y + %\/Tr(AV — 4 det(A) =2

and so we have a repeated eigenvalue.
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2. Second, we find the corresponding eigenvector:

—1

&1

0

)=

L)

L ale) =) ==

1

3. Assuming the solution is of the form x5 := €e* -t + ne* and plugging into our ODE

we obtain:

1-X -1

-1

)

Solving this system gives us:

n1+n2=—1=>n=<

3—-A

JG)=(

(A—)\Iz)U=€:>[ .

k
—k—1

)+

2)+G)

where £ is any real number. We can rewrite n as:

0
e (!

4. Therefore, the general solution is:

X = C1X1 + C2Xa2
= c1e®€ + cy(€e* -t + me)

oceselerssfes ()]

afera () ool (e ()]

5. The vector & = (_11) dominates the long term behaviour due to the extra term ( ll)t
(provided we do not choose co = 0). So we see that, essentially, all solutions are

diverging away from the linear span of (711)

25T

N
-

SENEY
Hit |
A éf
v
oo
T
by

-

. - LAY A
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e Consider the system

with x(0) = (:1,))

1. First we find the eigenvalues:

A= —Tr(zA) + %\/Tr(A)Q — 4det(A) = g

and so we have a repeated eigenvalue.

2. Second, we find a corresponding eigenvector:

OO0 0)-)

3. Assuming the solution is of the form x; := &e* - t + ne* and plugging into our ODE

we obtain:
()= ()
2 -1
Solving this system gives us:

+p=2=mn= b =k ! + X
72 = n= ka9) T 9 )

where £ is any real number. We can rewrite n as:

0
n:k£+(2>.

Therefore, the general solution is:

3 1
2_2 2

3
_ 1-3

(A—AI2)77=E:>[

1
2

X = C1X] + X9y
= e+ 02(56% t+ ne%)

=cie2€ + ¢ {ge? ot {kg + (g) }e%]
() of )

If we now use the initial condition we obtain the system of equations

(;) ~ (1 + ko) (_11) e (g)

which can be solved to obtain that ¢; =1 — 2k and ¢y = 2.

4. The vector & = (_11) dominates the long term behaviour due to the extra term (_ll)t.
So we see that all solutions to the IVP are diverging away from the linear span of

(4)-
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Figure 2.19: The phase portrait for x
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2.4 Stability

Summary of the stability results.

Type of criti-

Eigenvalues cal point Stability Sample phase portrait
>%<
A1 > A2 >0 | Nodal source Unstable
A1 > 0> Ay | Saddle point Unstable
0> A1 > A2 | Nodal sink Asymptotically stable
A1 =0, >0 | v0 line Unstable and source
AL =0, <0 | vO line Unstable and sink
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A=A =X >0
and A= ()

Proper node

Unstable

Al =X >0

and A is not diagonal

Improper node

Asymptotically unstable

A=A =X <0
andA:(’\/\)

Proper node

Stable

/\1:)\2<0

and A is not diagonal

Improper node

Asymptotically stable

Ar| AR A R

A =a+1tb, A\ =a—1b | Spiral
@
a>0 Unstable
@
0>a Stable
)
A1 =1b, Ay = —ib Center Unstable




Classification of Phase Portraits in the (det A, Tr A)-plane

det A
A0 ¢ A=0: det A=1(Tr A)?

! !

spiral sink spiral source

®

center

degenerate sink degenerate source

uniform
motion

line of stable fixed points saddle line of unstable fixed points

sink source

Figure 2.20: Classification of phase portraits.

2.4.1 Stability of Eigenvalue Dependence

In this section we study the limiting behaviour of solutions as distinct eigenvalues of A become
repeated. Specifically, we demonstrate that the solutions of X’ = Ax when A has distinct
eigenvalues converges pointwise, after being suitably prepared, to the solution of x’ = Ax when
A has repeated eigenvalues. We focus our analysis on the 2 x 2 case. Consider the problem

x'(t) = (3 i) x(t) (2.3)

where A € R as well as the perturbed problem

X(t) = (A g “ ' 6) x(t) (2.4)

where € > 0. Notice that the perturbed problem has a matrix with distinct eigenvalues A + €
and A — e. One might hope that if we take a sequence of solutions to the perturbed problems as
e — 0T then, in the limit, we obtain a solution to the limiting problem (2.3). As we will see,
this only works if we choose the sequence of solutions appropriately. To begin, we note that the
solution x.(t) to the perturbed problem (2.4) is

x(t) = c1(€) e (é) + afe)e " (—126)

for each € > 0, where ¢;(€) and c3(€) are constants that may depend on € (note that we are
considering a sequence of solutions with no initial conditions and so we are free to choose these
constants as we please). We now wish to show that as e — 0% the above family of solutions
tends to the solution of (2.3). Observe that we can write this solution as

X (t) = (Cl(e)e(AJre)t + 62(5)6(A_6)t) - <01(€)6“ + 02(€)€_€t>.

—2¢cy(€) e o)t —2ecy(€)eet

29



To ensure that the second component converges to an interesting value, k € R, of our choosing
we see that we must require that c;(e) = 3%. Updating the family of solutions with this choice

of co(€) we obtain
et k —et
() = N ci(e)e” — e '
x( = ("7

Observe that the first component now has a term that diverges as ¢ — 0. Thus, we must
choose ¢;(€) in a way that combats this divergent term. In accordance with the above logic we

choose ¢1(€) = £ + c3(€) where we will decide later how to choose ¢3(€). Updating our family of
solutions we obtain

M ((2% +ese))e — Qﬁee‘“) _u (cs(E)eEt + k(ed;“)) Y (c;;(e)e“ + kt(@d;;“))

ke—et ke—et ke—et

We now choose ¢3(€) = a for some constant a € R so that the first term in the first component
converges. Observe also that, by L’Hépital’s rule we have

t —et
e —e . 2¢
lim ——— = lim — =1.
e—0t 2et e—0+ 2€

Thus, we conclude that by letting € tend to 0 from the right we obtain, for each t € R

,  oafatkty (1 At
elir(r)ixe(t)—e ( I )—ae(o + ke )

which is a solution to (2.3). Notice that a and k were arbitrary choices and so we can obtain any
such solution. Notice, however, that we had to choose very specific behaviour for the coefficients
to get this convergence.
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3 Nonhomogeneous linear systems

In this section we study nonhomogeneous first order systems of equations building off of the
previous work on homogeneous first order systems.

3.1 Diagonalization Method

Consider nonhomogeneous linear first order systems:
x' = Ax +g(t),

where g(t) is a vector of continuous functions and A is a diagonalizable n X n matrix with
cigenvalues {\;};,—1__,. The latter assumption means that if T has the eigenvectors of A as

columns, then T™'AT = D is a diagonal matrix.
Using diagonalization Plugging in x = Ty for some yet unknown y we obtain

Ty =x'= Ax+g(t) = ATy +g(t)
= y' =T 'ATy + T 'g(t) = Dy + T 'g(t).
As a result, we decoupled the system. From this decoupled system we obtain the first order

equations:
yi = Nigi(t) + (T7'g(t); fori=1,..,n.

For h,(t) := (T 'g(t)); we have (by the method of integrating factors)

t
yi(t) = e [/ e °hy(s)ds + ¢ | .

0

Therefore, we found the solution x = Ty.

3.1.1 Method formal steps

1. As usual we first find the eigenvalues A1, Ay and corresponding eigenvectors &, &, of the
homogeneous system x' = Ax.

2. Form the change of basis matrix T := [, &,] and find the solution to the following two
first order odes

yr = My (t) + (T7'g(t)
Yo = Aaya(t) + (T7'g(t))2.

3. By integrating factor the solutions are

yi(t) =eM Vot e M(T 1g(s)) ds + cl}
ya(t) = M { /0 t e 25 (T 'g(s))ads + c2} .

4. We obtain the original solution by undoing the change of basis:

x =Ty.
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Example-Presenting the method Consider the system

, 2 —1 (é)
X = X + .
3 =2 14

1. First we find the eigenvalues

A= Tr(;‘) + %\/(Tr(A))z —4det(A) = M = —1, = L.

2. The corresponding eigenvectors are, respectively, v; = (1,3)T, v, = (1,1)T and so the
change of basis matrix T that diagonalizes our matrix is:

11
31

T —

3. Therefore, as argued above, the solution will be
x =Ty,

where . .
yi(t) = et/ e*hi(s)ds + cre™" and yo(t) = et/ e *hy(s)ds + co€’
0 0

with

1 1
hi(t) == é(t — ") and hy(t) == 5(3et —1).
First we find the y; (note that sinh(¢) is et_ft):

1 1
y1 = cre '+ §e_t [et{t —sinh(t) — 1} + 1} and yo = cpe’ + §et [3t +et(t+1)— 1}.
4. Therefore, we obtain, since x = Ty

H=1+3t4+e (1 +1)]

T = cre” +026+ 71 +et{— 1+t—sinh()}]+%e
()} + 3e' =143t + e (1 +1)]

xg = 3c1e”t + cpet +3e*t[ +e'{—1+t — sinh(¢)}]

_I_
1 1 1
— X = [C1e_t+§e_t{l+e —1+ ¢ —sinh(t } < > + [czet—i-§6t{—1+3t+6_t(1+t)}] (1)

Examples

e Consider the system

1. First we find the eigenvalues

L %\/(Tr(A))Q —4det(A) = A\ = —2+iV5, Ay = -2 — V5.
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2. The corresponding eigenvectors are, respectively, v; = (iv/5,1)T, v, = (—iy/5,1)T
and so the change of basis matrix T that diagonalizes our matrix is:

iv5 —iv5b
1 1 )

T —

3. Therefore, as argued above, the solution will be
x =Ty,
where
t t
yi(t) = e(_2+i‘/g)t/ 6_(_2”*/5)%1(s)ds+cle(_2+i‘/5)t and yo(t) = e(_2_i\/g)t/ e_(_Q_i‘/g)shg(s)ds
0 0

with
hi(t) :== —2icos(t) and ha(t) := cos(t).

4. First we find the y;. We will do y; and y, is similar.

t t
/ 67(72+"‘/5)8h1(5>d5 +co = _Qi/ 67(7%1\/5)8605(5)(15 +a
0 0

=3 " (2__22\/3)2 {(eft(—zm/ﬁ)(sm(t) + (2 —iVB)cos(t)) — (2 — Z\/g)} + e,

where we used the formula
1+ (a+1ib)?

/ el cos(s)ds =
—2i(2—i/5)

we simplify by setting ¢; := T oovE)? to get

_ t(—2+iV5 —21 —t(=24iV5) [ . . coS
y = el ).1—1—(2—1'\/5)2{6 ( )(sm(t)—i-(Q \/5) (t))}

; {sin(t) +(2- i\/g)cos(t)}

! ('@ (sin(t) + (a + ib)cos(t)) — (a + ib)).

B —21
1+ (2—iV5)
{2003(1&) + sin(t) — i\/gcos(t)}

2
—4i\/5

— %{2003(15) + sin(t) — i\/5005<t>}
=:u(t) + 1w(t)

For y, we have
1

1+ (2+ivh)
1 ‘ .
4i\/5{2008(t) + sin(t) + Z\/gcos(t)}

using that ¢~

1 ? .
= m\/gcos(t) — m(QCOS(t) + sin(t))

= —cos(t) — L.(2005(t) + sin(t))

45

. {sm(t) +(2+ i\/g)cos(t)}

Y2(?)

= —¢ we obtain

33



5. Undoing the change of basis we obtain:
X = Ty

(V5 —iVB [u+iv

L U+ iv

(VB v +i(u— a)>>

v—v+i(u—u)

v—v

u—u

V(0 - v>> = (ﬁm — a))

we have that

1
U= v =——=(2cos(t) + sin(t)) + cos(t);
-1

45

= cos(t)%(l - i) + sin(t)

V5

u—u= 1cos(t) - L(2005(15) + sin(t))

4 25

As a result,

7. Therefore, the general solution is:

X — cle(—2+i\/5)t Z\/g _{_026(—2—1\/@ —1V5
1 1
+

3.2 Using method of undetermined coefficients

If the components of g(t) are linear combinations of polynomial, exponential, or sinusoidal
functions, then as before we assume that the solution x is a linear combination of the same type
of functions.
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3.2.1 Example-Presenting the method

<=0 )0

1. Given g(t) = (ett) we assume that the solution is of the form:

Consider the system

x(t) = ate’ + be’ + ct +d.
for some vectors a, b, c, and d to be found.

2. Plugging this into our system we obtain

1
a(te’ +€') + be' + ¢ =x' = A(ate’ + be' +ct +d) +et(0> +t((1)).

Therefore, we obtain algebraic equations for a, b, c, d:

a= Aa,

a+b=Ab+ (é),

0
= A
0 c+(1),

c = Ad.

The first equation implies that a is an eigenvector for A with associated double eigenvalue
A1 = 1 and so we can assume that
3/1
a=—
2\1

because it will solve the second equation:

()00

By solving the remaining systems we obtain

1
c= , d= 0 )
2 -1
Therefore, the solution is

e ()30 o) O )

3.3 Integrating Factor

We now present an alternative method for solving nonhomogeneous first order systems. Specifi-
cally, we wish to solve the first order system described by

xX'(t) = Ax(t) + g(t)

where x : R — R” is a column vector, A is an n X n matrix, and g : R — R" is continuous.
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Observe that, by moving the term Ax(¢) to the other side we obtain

X' (t) — Ax(t) = g(t). (3.1)

One might be reminded of the one-dimensional nonhomogeneous differential equation given by

2'(t) —ax(t) = g(t).

You may recall that to solve such an ODE we multiplied through by an integrating factor,
u(t), chosen carefully so that we may view the left hand side as the derivative of a product of
functions. Specifically, we choose p to satisfy p/(t) = —au(t). Multiplying through by p and
applying the above strategy leads to the solution, as one can check,

w(t) = eat{c + /Ote‘“g(s)ds}.

Motivated by the philosophy that ODEs that look similar are probably solved by similar
techniques we attempt to use a similar strategy for the first order system. Note that since we
are working with matrices we have to be careful with what we multiply through since not all
matrices can be multiplied together (recall that matrix multiplication only makes sense if the
row and column sizes are appropriate). After some consideration we may anticipate that the
function we desire is a function of the form g : R — M, (R). That is, a function such at each
time ¢ we obtain an n X n matrix p(t). Multiplying our equation on the left by w(t) gives

p(t)X (1) = p(t)Ax(t) = p(t)g(t).

If we now choose p such that p'(t) = —p(t) A, where this derivative is understood componentwise
as in the case of X', then we could rewrite the equation as

(nz)'(t) = p(t)g(t)

and then integrating! we obtain

;ww@:c+4u@awu

Tt is worth pondering what integration would mean here since the product of p and g is a column vector
and not a scalar. One is usually taught that integrating a continuous scalar function f is the result of taking a
limit of Riemann sums. That is

b n
/ f(z)de = nh_)rréoz flz)Az.
a i=1

In view of this, we notice that if f : [a,b] — R™ is now a vector-valued function then f is simply a column of

scalar-valued functions ( fiy-es fm)T. Observe that in this case it makes sense to write
fi(z;) > iz fi(zy) A
Zf(wi)Ax:Z ; Az =
i=1 1=1
fm(xl) 22;1 fm(xi)Ax'
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where C is a vector of constants of integration. Finally, if we are lucky enough that p(t) is
invertible for all ¢ then we can solve for x to obtain

)= (u(e)” (O [ nlorgte)as). 3.2

We now try to find our candidate p. Recall that we needed to solve the equation

W) = —p(HA. (3.3)

Given that the one-dimensional case had A on the left hand side of the candidate function one
might find it odd to have the matrix A on the right for this computation. To fix this, we define

y(t) = (u(t))T. Transposing equation (3.3) we obtain

() = (1) = (~p(t)A)" = -AT(u(t)" = -ATy(1).

Observe that if we write y is columns then the above can be understood as

Vi) 0] = ATy o ya0)] = ATy - ATy, ()]
which means that each column y, satisfies the first order homogeneous system

yi(t) = —Aly;(t).

Suppose now we choose the columns of y to be n-linearly independent solutions (i.e fundamental
solutions) of this first order homogeneous system. Then we will have found y which means
we have found p by transposing. Specifically, choose y; ..., yn to be n-linearly independent

solutions. Now we let y(t) = [yl(t) ‘e yn(t)]. This tells us that

(Y1(t))T
ut)=(y) =|
(ya(t)"

One can check that equation (3.3) is satisfied. Since we chose that the solutions y, are all linearly
independent then p(t) is invertible for all ¢. In particular the formula given in equation (3.2) is

valid.? Note that the above technique results in a more general answer than the technique given
by using diagonalization since we did not assume anything about the matrix A. However, we
can see that the cost of generality is that obtaining the solution is more challenging.

To make the above construction more notationally clear we use the concept of a

Now taking limits suggests the definition

fabfl (x)dz

/a bf(x)Aa: -

f;fm(ac)da:.

20One might try to check that the formula for the solution given in equation (3.2) is in fact correct. Note,
however, that this computation is actually somewhat sophisticated since you have to differentiate the function

(u(t))fl which requires computing the derivative of the function that assigns the inverse of a matrix.
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matriz exponential in the following section outlining the steps to implementing the above
construction. The matrix exponential, ¢4, (whose formula for a 2 x 2 matrix depends on
whether its eigenvalues are complex, real and repeated, or real and distinct) is the matrix whose
columns are the fundamental solutions to the problem x’ = Ax and whose value at ¢t = 0 is the
identity. Notice that the notation was deliberately chosen to remind you of the scalar ODE
z' = ax whose solution (up to a constant) is e'®.

3.3.1 Method formal steps

1. As usual we first find the eigenvalues A;, Ay of the homogeneous system x’ = Ax.
2. Identifying the exponential of A:

e [f the eigenvalues are distinct then

1 1
LA . Mt A — \I,) — M A — \1).
e e >\1—>\2< oIo) —e )\1_)\2( 112)

® If)\:>\1 :)\2 then
et 1= My 4 Mt(A — A).

e If \y =a+ib, Ay =a—ib then
at

et = eT{b cos(bt)Iy + sin(bt)(A — als)}.

3. We compute e ** by inverting the matrix e (see the linear algebra appendix)

4. Finally we obtain the general solution for our system (using identities proven in the linear
algebra appendix):

(1) (c+ /O tu(s)g(s)ds) :exp{tA}(C+ /0 ean] —sA}g(s)ds) (3.4)

x(t)

3.3.2 Example-Presenting the method

_ ((1) 1>x+ (‘f) (3.5)

Notice that the matrix A in equation (3 5 has only 1 as an eigenvalue but the only solution to

o)
()

for a € R. So this matrix is not diagonalizable and hence the diagonalization method does not

apply. However, the integrating factor technique will still work. Following step 1 we notice that
we have a repeated eigenvalue A = 1. By step 2 we obtain that

t t t
e =Ty +e't(A — 1) = c
0 ¢

Consider the system

18
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By step 3 we learn that

Finally, by equation (3.4) we learn that the general solution is:

x(t) = et tet C+/t es —se % |e* € — et tet
0 €t ol 0 e~* 1 0 €

<c+/0t

1 — -5
5 ]d)
e

et tet] t—14+et4tet et tet ote! — et + 1
= C+ = C+
0 € 1—et 0 € et —1
One can check that this solves equation (3.5) since
et tet + et 2tet + et
x'(t) = C+
0 et et
while
et tet + et ote! et et tet + et 2tel + et
Ax(t) +g(t) = + + — C+
() + (1) [O et [et—ll [1] [O et et

3.4 Variation of Parameters

Given the complexity of the process to solve the inhomogeneous first order system found in
section (3.3) one might wish to find a simpler way of obtaining the solution. This is possible if
one is more clever about how they proceed. Recall that for the scalar inhomogeneous equation
2'(t) = ax(t) + g(t) the general solution is

() = e (c + /0 te_asg(s)ds)

where C is a constant. Observe that the term Ce® actually solves the homogeneous equation

2'(t) = ax(t). Thus, the part of this solution that is needed to solve the inhomogeneous equation
is

t
e / e “g(s)ds.
0

Observe that this looks like the solution to the homogeneous equation multiplied by a new
function. Inspired by this we might try to solve the system

x'(t) = Ax(t) + g(t). (3.6)
by using the ansatz
x(t) = X(t)y(t)
where X(¢) is the n X n matrix consisting of n linearly independent solutions to the homogeneous
equation and y is to be determined. Note that X plays the role of e® from the scalar case.

Thus, we desire that
X'(t) = Ax(t) + g(t) = AX(t)y(t) + g(t)

but we have

X'(t) = X'()y(t) + X(1)y'(t) = AX @)y (1) + X(1)y'(t).
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Comparing these two equations we see that we must demand

Integrating then gives
¢
y(t)=C+ [ (X(9) gl
0

Thus, we have found the solution

x(t) = X(t) (c + /0 t (X(s))‘1g<s)ds).

There are a few of advantages to this solution over the one found in section (3.3). First, notice
that it is not too hard to verify that this does in fact solve (3.6). Second, unlike the solution

found in section (3.3) this formula makes reference directly to the matrix of fundamental

solutions to the homogeneous system. As a result of this, less computations are needed. In
particualr, exponential matrix identities are not needed to make this expression simpler.

Method formal steps

1. Solve the homogeneous systems to find two linearly independent solutions x;(t) = (E;Eg)

and X,(t) = (i;;gg) to form the fundamental matrix:

B(0) — [xu(t) le(t)]’

which satisfies ¥' = AW®
2. We make the ansatz we have x,,(t) = ¥(t) - v(t) = ¥(¢t) - (”1Et)).

) ] () (20

we obtain the system

{ml,l(t)vg +210(t)

1'271 (t)Ui + $’2,2 (t)v

4. Solving this system for v}, v}, we then integrate to obtain vy, vs and finally obtain the
Xon(t) = W (t) - v(t).
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Examples

e Consider the system
o2t
X + (—26’5)'

1. First we find the fundamental matrix ¥: the eigenpairs are (=3, ('), (2, (})) and
so the fundamental matrix is:

X0 = [zlx —12

2. The system is

_6—315,01 + th,Ué — e—2t
4e 3t + el = —2¢!

and we obtain
_e3t o2 -t o2t 1 el 4 2¢tt
V/<t) = = — =
fe—3t 2t — 9t —5\ —de—4t 4 2t
1 t 2t
vit) = - e +e ‘
=5 \e 4 — 2et
Therefore, the nonhomogeneous solution is

1 —2¢et — et
X (t) = 5\ —2¢t 4+ 6e2 + 4et )

The general solution is
—-1 1 1 —2¢t — et
0 = 3t 2t L ‘
x(t) = ere ( 4 ) TN 1) T 5\ oot 4 6ot 4 det

3. From the above solution we note that the dominating term is e2t(}) and even the

second dominating term et(i) is along the same span. So since the rest of the terms

go to zer, we expect the solution to converge to the linear span of G)

3D'I | : Py I \ I “‘._h_-___..—-l.—;’r/".::/’*
LN
1 E NN
il e
W
EiiiEE F*i“:r.” ffff/fiﬁﬂ 1
e 11 [ a0 1A
i 50 aestr AL
2 119171 promo if “
= by Ly & i
T ol Y/ QSETI 1
1 \
tk‘}%:". \
\\\\ﬁ¢ 1144
\\\%. _ 1
NG L
AR

-30 -20 -10 ] 10 20 30
X(t) solution

Figure 3.1: Phase portrait
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e Consider the system
o2t
X+ .
(20)

1. First we find the fundamental matrix W: the eigenvalue is (—2, (})) and n = k(}) — ((IJ),
therefore, the solution is

x(t) =cre ™ G) T ea(e G)t - <(1))62t) -

() = [6—215 te—2t ]

() = [—11 :zl))

2. The system is

e 2] + e 2 (t — 1)vh, = —2¢t

and we obtain
1—t(1+ 2%
o - (L2
14 2e3
t_lt2_2t3t 1.3t
V(t) _ ( 2 32€3t + o€ )
t+ 36
Therefore, the nonhomogeneous solution is
0) e 2 (—t2/2 — 2/3e3t +t + €31 /9) + e (t + (23)/3)
X, = ) :
" e 2 (—t2/2 — 2/3e3t +t + €3 /9) + e 2(t — 1)(t + (2€3)/3)
The general solution is

x(t) = cle—%G) +02(e_2t<1>t _ @ ) + xn(?).

e Consider the system
t_3
X+ (—t2> .

1. First we find the fundamental matrix ¥: the eigenvalue is (0, (})) and n = k(}) —
therefore, the solution is

{ e 2] + te 2l = e

s

4 =2

x() = [8 4

(¥):

2. The system is

vy + vy =173
4o + (4t — 1)vh = —t72
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and we obtain

a=—t*+4t —1)/t’andb = (t + 4)/tandt! = OV (1)

(—(t‘l + 42 — t—3)) N

t—2 4 4¢3

vio= (5"

3

Therefore, the nonhomogeneous solution is

Xnn(t) = W(t)v(¢)

_ 1 t (8;21 — log(t)>
4 4t -1 42
< (= + =8 1og(1) )
_«

2+4t)(—1+4t)) + 4((=1+8t) lOg(t)))

3

x(t) = 016_2’*(1) + CQ(e‘%G)t - ((1]) e~2) 4

22
The general solution is
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4 Problems

4.1 Real eigenvalues

e Find the general solution of the system. Describe the asymptotic behaviour (what is
the dominating term and the limit). Draw the two eigenvector’s spans and draw arrows
towards the dominating term. Is it a saddle or a sink to the origin?

1.

e Find the particular solution of the system. Describe the asymptotic behaviour (what is
the dominating term and the limit). Draw the two eigenvector’s spans and draw arrows
towards the dominating term.

1.

x'= (2,01

Find the general solution in terms of a. Determine the asymptotic behaviour for a = % and

for 2, and find the a, € [%, 2],called the bifurcation value, where the asymptotic behaviour
changes.

e (*)The amounts of salt z1(t), z2(t) in the two tanks satisfy the equations

d d
% = —klﬂjl, % = k’ll’l — kgl'Q with IE1<O) = 15, .fL'Q(O) = O,
where k; = VLI = %, ke = VLQ = % Find the particular solution and determine the

asymptotic behaviour. What does it tell you about the tank’s salt concentration?

Figures/systems_tanks_real.PNG

Figure 4.1: The two brine tanks.

4.2 Complex eigenvalues

e Find the general solution of the system. Describe the asymptotic behaviour. Are the
trajectories forming a spiral source, a spiral sink or concentric circles?

1.
X = (4 9)x
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X = (17)x

x'= (1 2%)x

e (*) Find the general solution of the system. Find the bifurcation value or values of a where
the qualitative nature of the phase portrait for the system changes. Draw a phase portrait
for a value of « slightly below, and for another value slightly above, each bifurcation value.

x'=(91)x

i) D)

Solve and determine long term behaviour. Is it asymptotically stable?

e (*)Consider the circuit

N

R,
__.-._:-l-__i A 4
¥y
F
w0
L Y
L TN JL
R__.l o %
Y .

Figure 4.2: The circuit with complex eigenvalues.

4.3 Repeated eigenvalues

e Find the general solution of the system. Describe the asymptotic behaviour. Are the
trajectories forming a source or sink behaviour wrt the origin?

1.
x' = (3 %)%
x'= (1)

3. Find the particular solution and determine the asymptotic behaviour as above:
/ 14 3
x' = (}77)x, x(0) = 5 )

4.4 Differential inequalities

1. In this question we will show the following result: Suppose x : [a,b] — R" is a function
that is continuous on [a,b], differentiable on (a,b), and satisfies, for A € M, «,(R) a
diagonal matrix,

x'(t) < Ax(¢)
for all ¢t € (a,b), where the inequality means that each component of the left hand side is
smaller than the corresponding component on the right hand side. Then
x(t) < e"=D8x(q).?

3This is known as Grénwall’s inequality. The principle involved here is that if a function grows no quicker
than Ax(t) then the value of the function should not exceed the solution of x’(¢t) = Ax(t) which maximizes its
growth.
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(a) First show that if A € M,,«,(R) then Ax > 0,,.; whenever x > 0, if and only if
A is a non-negative matrix (all entries in the matrix are non-negative).

(b) Next show that if + > 0 then e'* is a non-negative matrix if and only if A has
non-negative off diagonal entries.*

(c) Consider the function w : [a,b] — R defined by®
w(t) = el DA% (1).
Show, using (1b), that w'(t) < 0,,«; for t € (a,b).
(d) Conclude that each component of w is decreasing on [a, b].
(e) Finally, conclude that e(®PAx(t) = w(t) < w(a) = x(a) which can be rewritten as
x(a) — el VAX(t) > 0,1
Use (1b) to conclude the desired inequality.

2. In this question we show that solutions to the initial value problem x'(t) = Ax(t)
for t € (a,b) with x(a) = xo are unique using Gronwall type inequalities. Suppose
X,y : [a,b] — R are continuous on [a,b| and differentiable on (a,b). Suppose also that
they satisfy x'(t) = Ax(t) on (a,b) as well as y'(t) = Ay(t) on (a,b).

(a) First show that, for ¢ € (a,b)

%%mgﬂ_y@wyz@@wquHWMw—y@)

(b) Next use equation (4.1) and the previous step to conclude that

1d

57 (X0 =D))< Ma(A)x(t) — y ()]

(¢) Argue that we obtain, for ¢ € [a, b],

Ix(t) = y(@)I* < e Px(a) - y(a)||*.

(d) Deduce that if x(a) = y(a) then x(t) = y(¢) for all ¢ € [a, b].

4.5 Systems of ODEs and Quadratic forms

1. (a) In this problem we show that if A has only positive eigenvalues, x(0) # 0,x1, and if
x'(t) = Ax(t) then [|x(t)|| = 400 as t = +oc.

i. First, show that 1
3 (IXOIP) = (x(1)" Ax(#).

N | —

ii. Next, observe that
”rrhin {x"Ax} = \(A)
x||=1
where A\;(A) denotes the smallest eigenvalue of A. To see this, note that A is
diagonalizable and so we can represent X as a linear combination of orthonormal

4Such matrices are called Metzler matrices.
5Some properties of the matrix exponential will be used here. Please refer to the linear algebra appendix for
proofs of these properties.
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eigenvectors uy, ..., u,. So we have

Ax=A (Z cluz> z": Ai(A)cu;

i=1

which means

x' Ax = Z Nt > M\ (A Z A)|x]|* = M (A)

i=1 =1

and observe that x was an arbitrary unit vector. Note that equality can be
obtained.
iii. Using the previous two questions observe that

2t (A)

Using the integrating factor e~ conclude that

d, _
a(6 2t>\1(A)”X(t)H2) >0

iv. Conclude that
Ix(8)[1> > [|x(0)||P* A,

(b) In this problem we show that if A has all negative eigenvalues then ||x(¢)|| — 0 as
t — +oo if X'(t) = Ax(t).

i. Show that, as in the previous question,

max {x"Ax} = \,(A) (4.1)

and conclude that 1 d
557 (XD < M) xO

ii. Conclude that
||X(7f)||2 < ||X(()>||262t>m(A)’

2. In this problem we will demonstrate how to find a solution with perpendicular trajectories
in R%. Suppose x,y : R — R? solve x'(t) = Ax(t) and y'(t) = By(t) respectively,
where A, B € May»(R). Assume also that, for all a € R?, that if x(0) = a = y(0) then
x'(0) L y'(0).

(a) Use the conditions given in the problem description to conclude that
a- (ATBa) =0

for all a € R%.
(b) Conclude that there is a constant ¢ € R such that

ATB =c¢ 0 1.
-1 0

(c) If ¢ = 0 conclude that either A = 0342, B = 0949, or ATB = 05y, while A and B

are both not the zero matrix. In the event that A”B = 0545 even though both A
and cB are both not the zero matrix show that im(A) L im(B).
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(d) Now we may assume that ¢ # 0. By taking determinants show that both A and B
are invertible. Finally, conclude that either

ATB = CR%

or

ATB = CR%ﬂ

for some ¢ > 0 where Rz denote rotation matrices at angles +7 respectively. Use

this to conclude that .
B=c(A™) Rz,
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