Industrial Organization II (ECO 2901)
Winter 2020. Victor Aguirregabiria

Problem Set
Due on Sunday, March 8th, 2020 [before 11:59pm]

INSTRUCTIONS.

1. Write your answers electronically in a word processor.

2. For the answers that involve coding, include in the document the code that you have used
to obtain your empirical results, indicating the language of the code (e.g., R, Matlab, Julia,
Python) as well as the version of the software/compiler you have used.

3. Convert the document with your answers and code to PDF format and submit the PDF
online via Quercus.

4. You should submit your completed problem set before 11:59pm on Sunday, March 8th,
2020.

5. Problem sets should be written individually.

The total number of marks is 100.

This problem set deals with the solution, simulation, and estimation of dynamic

games of oligopoly competition.

MODEL AND DATA GENERATING PROCESS (DGP)
Consider an industry with M = 1000 geographic (local) markets, indexed by m, and N =5
firms, indexed by ¢. Time is discrete and indexed by ¢. Each firm is a potential entrant in
every local market. Competition takes place at the level of local markets and there are not
spillover effects between these markets. Here we focus on the entry-exit decisions of firms in
local markets. Let a;,,; € {0, 1} be the binary variable that indicates whether firm 7 is active
in market m at period t.
The profit of firm ¢ in market m is:
Os Sy — Oy In (1 + Z#i ajmt> —O0pc (1 —ait—1) — Orci + Cime(1) i ajme =1
Wit =
€imt(0) if @ =0
(1)
where 0g, Oy, Opc, Orc, ..., and Opc s are structural parameters. Variable s, is exogenous

and it represents market size. Parameter 6 y measures competition effects. Parameters 0g¢
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and 0pc,; represent entry cost and fixed cost, respectively. Variables €;,,,:(0) and €;,,:(1) are
unobservable to the researcher, private information of firm ¢, and i.i.d. over (i, m,t) with
type 1 extreme value distribution.

Suppose that, in the population under study, the structural parameters take the following

values:
s = 1.0; Oy = 1.0; Opc = 1.0;

(2)
eFC,l = 1.9; GFC’Q = 1.8; 9FC,3 = 1.7; 9FC,4 = 1.6; 9FC,5 = 1.5;
The market size variable, s,,;, has a discrete support set S = {1,2,3,4,5} and it follows an

exogenous Markov chain with the following transition probability matrix:

0.8 02 0.0 0.0 0.0
02 0.6 02 0.0 0.0

F,= |00 02 06 02 00 (3)
0.0 0.0 02 0.6 0.2
0.0 0.0 0.0 02 08

The discount factor is 6 = 0.95.

QUESTION 1 [40 POINTS]. SOLUTION

1.1. [10 points]

(a) What is the vector of observable state variables X, is this model? What
is the dimension of the space of x,,;? Define the conditional choice probability
(CCP), P;(Xy), of a firm in this model.

(b) Write the equations, in vector form, that describe a MPE in this dynamic
game as a fixed point of a mapping in the space of firms’ CCPs. Describe each

vector and matrix and its dimensions.

1.2. [20 points]

(a) Write the code to compute a MPE in this dynamic game. Use the value
function iterations algorithm to compute the solution to the dynamic program-
ming problem in a firm’s best response.

(b) Implement your code to obtain a MPE in this model. Present a table
with the following values for the equilibrium CCPs.



CCP CCP CCP CCP CCP
State (x) | Firm 1 Firm 2 Firm 3 Firm 4 Firm 5

s=1;a1-1=1; a1 =0for j#1
s =05;a1-1=1; a1 =0for j #1
s=1;a5-1=1;a;1 =0for j #5

§=09;asi—1 = 1; a1 =0 for j #5

1.3. [10 points]

(a) Let F¥ be the transition probability of the x,,; induced by the equilibrium
CCPs P. Write the expression for the element Pr(s,,;11 = 8, @mne = @'| i = s,
Qmi—1 = a) in this matrix.

(b) Write the code to compute this matrix.

(c) Let g(x) be the ergodic or steady-state distribution of x,,; induced by
the transition probability F¥. Let q be the vector with the ergodic distribution
{q(x) : x € X'}. By definition of q, it satisfies the following condition:

q=F"q (4)

Write the code to compute q. [Hint: You can use fixed point iterations in the
previous expression].
(d) Implement your code to obtain the ergodic distribution. Present a table

with the following values of ¢(x).

Ergodic distribution
State (x) q(x)

S = 1, aig—1 = 1, Qjt—1 :OfOI'j7'é 1
s =095; a1 =1; a1 =0for j #1
s=1;a5-1=1; a1 =0for j #5

s =09; ast—1 = 1; a1 = 0 for j # 5




QUESTION 2 [20 POINTS]|. SIMULATION

2.1. [10 points| Using the MPE computed in Question 1, simulate a dataset
with M = 400 markets and 7" = 5 periods.

(a) Write the code to simulate this dataset.

[Note] Remember: Let Y be a discrete random variable with support {y*, 42, ..., 47}
and let p; = Pr(Y = /). Let u be a random draw from a U(0, 1) random vari-
able. Then, the following value of y is a random draw from the distribution of

Y:
if u < py, theny=y";
else if p; < u < p; + po, then y =y

elseif p1 + ...+ pjo<u<p +..+pj1, theny=y’1;
else if u > p; + ... + py_1, theny =1y’ .
(b) For every market m, the value of the state variables at period ¢ = 1,
X1 = (81, @10, ---, as50), should be drawn from the ergodic distribution ¢(.).
(c) Then, for t > 1, use the equilibrium CCPs, P(x,), to simulate firms’

actions {@;m: }, and the transition probabilities F(.|s,,:) to simulate Sy, ¢41.

2.2. [10 points] Use your simulated dataset to present the following table of

statistics.

Statistic | Mean (Standard error)

Number of active firms in the market

Number of new entrants

Number of exits

AR(1) parameter in autoregression for # active firms
Frequency of Firm 1 active in the market

Frequency of Firm 2 active in the market

Frequency of Firm 3 active in the market

Frequency of Firm 4 active in the market

Frequency of Firm 5 active in the market




QUESTION 3 [40 POINTS]|. ESTIMATION
Use the your simulated dataset in Question 2 to obtain the following estimations of the

structural parameters.

3.1. [10 points] Obtain nonparametric estimates of P and F,. Consider the
following Kernel estimator of the parameters P;(0,x_;) and P;(1,x_;), where

X_it = (S, a1 1 J # 1), and Fy(s'|s):

= _ Z,Ale Zthz it H{aimi—1 =0} Ky (X — X_ime)

R(Oa X—i)
St St Haime1 = 0} Ky (X_i — X_ime)
16»(1 x_;) = Zf\n/lzl ZtT:2 it H{aim—1 =1} Ky (X=i — X_imt)
St St Haime1 = 1} Ky (X2 — X_ i)
ﬁ (S/|S) = Zf\n/[:1 23:2 1{Smt = SI} Ky (Sm,t—l - S)

Znﬂle Efzz Ky (Sm,tfl —5)

where Ky(d) is a Kernel function, for instance:
K(d) =

Na) ==

L+ VN ||d|

and ||.|| is the Euclidean distance.
(a) Write the code to obtain this Kernel estimators.
(b) Implement your code and report the following tables of estimates and

standard errors.

CCP-Firm 1 CCP-Firm 2 CCP-Firm 3 CCP-Firm 4 CCP-Firm 5
State (x) | Est. (s.e) Est. (s.e) Est. (s.e) Est. (s.e) Est. (s.e)

s=1,a1=1;a;=0for j#1
s=5a1=1;a;=0for j#1
s=1l;as=1;a;=0for j #5

s=5as=1;a;=0for j#5

3.2. [20 points] Obtain the two-step Pseudo maximum likelihood estimator of
the structural parameters 6.

(a) Present the equation that describes the expected profit of firm 4 if this firm
is active: IIF(1,x). Show that this function is linear in the structural parameters
0;.



(b) Write the code to implement (a).

(c) Present the expression of the valuation operator v;(P) that provides the
vector of values of firm ¢ given the vector of CCPs, P. Show that this function
is linear in the structural parameters 6,.

(d) Write the code to implement (c). Use the true value of § = 0.95.

(e) Write the expression for the best response probability of firm 7 as a function
of all the CCPs in P, i.e., ¥;(x;,;, P). Show that this function has the structure
of a standard binary Logit model where the index is linear in the structural
parameters 0;.

(f) Write the code to implement (e).

(g) Write the expression for the log pseudo likelihood function that uses the
best response probabilities ¥;(x,,;, P).

(h) Write the code to implement the pseudo likelihood function in (g). Use
the true value of 6 = 0.95.

(i) Write the code to the two-step pseudo maximum likelihood estimator of
the structural parameters.

(j) Present a table with the two-step estimates of the structural parameters.

True Two-step Estimates
Parameter | Value | Estimate (Standard error)

s | 1.0

oy | 1.0

Opc 1.0

Opcy | 1.9

Orca | 1.8

0 FC.3 1.7

Opca | 1.6

0 FC5 1.5

3.3. [10 points] Apply recursively the idea of the two-step estimator to obtain
the 10—steps Pseudo maximum likelihood estimator of the structural parameters.

(a) Present the equations that describe the updating the structural parameters
and the CCPs in this recursive method.

(b) Write the code to implement (a).

(c) Present the following table with 2-step and 10-step estimates of the struc-

tural parameters.



True

2-step Estimates

10-step Estimates

Parameter | Value | Estimate (Standard error) | Estimate (Standard error)

s | 1.0

On 1.0

Opc 1.0

Opci | 1.9

Orca| 18

Orcs | 1.7

0 FC.4 1.6

Orcs | 1.5

END OF THE PROBLEM SET




